Engineering the interaction between light and matter is an important goal in the emerging field of quantum opto-electronics. Thanks to the use of cavity quantum electrodynamics architectures, one can envision a fully hybrid multiplexing of quantum conductors. Here, we use such an architecture to couple two quantum dot circuits . Our quantum dots are separated by 200 times their own size, with no direct tunnel and electrostatic couplings between them. We demonstrate their interaction, mediated by the cavity photons. This could be used to scale up quantum bit architectures based on quantum dot circuits or simulate on-chip phonon-mediated interactions between strongly correlated electrons.
bright spots allows us to determine a level spacing of about 7meV. This corresponds to a length of about 200nm, which is slightly smaller than the lithographically defined length.
The quantum dot 1 can be considered as an open quantum dot. The differential conductance of QD2 is much smaller and peaks only up to 0.03 × 2e 2 /h. The colorscale plot of its differential conductance displays Coulomb diamonds and excited states characteristic of the Coulomb blockade regime 24 . In particular, one can read off a charging energy of about 12meV. Another important parameter for both dots is the width Γ 1(2) of their energy levels.
From the colorscale plots, one finds, Γ 1 ≈ 7meV and Γ 2 ≈ 1meV. This shows that the two electronic systems still relax much faster than the characteristic period of the photonic mode, which corresponds to 5.75GHz ∼ = 30µeV as shown in figure 1b.
Calibration of electron-photon coupling for each dot. Before going to the main result of the present work, which is the distant interaction between the above described quantum dots, it is essential to calibrate the electron-photon coupling for each dot. In order to do this, we apply a strong, classical, microwave drive to the cavity at the resonance frequency. We first focus on the closed dot which allows us to obtain the highest spectral resolution since it has the smallest coupling rate to its reservoirs. The colorscale plots of the differential conductance of QD2 as a function of V g2 and V sd2 for no microwave power, −45dBm, and −35dBm at the input of the cavity are presented in figure 2a, 2b and 2c
respectively. The microwave field splits dynamically the charge degeneracy line crossing at about V g2 = −11.7V. This splitting is about 3meV at −45dBm and increases up to 10meV at −35dBm. One can understand classically the observed phenomenon by using the fact that the dot's electrons have a relaxation rate to the electrodes which is about 45 times higher than the microwave frequency of the cavity. The AC field of the resonator modulates the dot's energy levels with an amplitude λV AC and frequency f 0 . The averaging of this modulation leads to split conductance peaks (dashed lines) at E 0 ± λV AC , as depicted schematically in figure 2d . The differential conductance G on (V g , V sd ) at finite microwave drive can be obtained by assuming that the microwave field only couples to the electronic levels, leading to :
the electron-photon coupling strength, V AC being the amplitude of the AC voltage at the resonator frequency f 0 and G off (V g , V sd ) being the differential conductance of QD2 with no microwave power. The results of this procedure is shown in figure 2e and 2f respectively for λ = 15.5, using the measured data of figure 2a. The conductance peak splitting and in particular the peculiar diamond shaped region emerging at the charge degeneracy point around V g2 = −11.7V are very well accounted for. Note that not all the features in figure 2b and 2c are reproduced with our procedure, indicating that some of the excited states might have a different coupling to the photons than the ground state 26 .
The specific origin of the conductance peak splitting can be confirmed by studying its dependence as a function of the power of the microwave signal at the input of the cavity, or equivalently the average number of photons stored in the cavity. Although we have used a classical field so far, such a study allows us to determine accurately the electronphoton coupling terms entering into the Anderson-Holstein-like hamiltonian of the system 12 ,
being the total number of electrons in QD1(2) and a(a † ) being the annihilation(creation) operators for the photons in the cavity at the fundamental frequency.
This will allow us below to predict the expected form and magnitude of the interaction between the two dots which are dominated by single photon processes. Such a study is shown in figure 3a and 3b for QD1 and QD2 respectively. The colorscale plot of the differential conductance of the dots as a function the source-drain bias and the input power displays a characteristic funnel shape showing the conductance peak splitting in QD1 and QD2 as the power is increased. According to the picture developed previously the splitting should scale linearly with the amplitude of the field, or equivalently with the square root of the average number of photons. The latter viewpoint is particularly convenient since it allows us to determine directly the coupling constants of QD1 and QD2 to a single photon, g 1 and g 2 respectively. Indeed, the splitting ∆ 1(2) reads : ∆ 1(2) = 2g 1(2) √n , wheren is the average number of photons in the cavity. The dependence of ∆ 1(2) as a function of √n is shown in the inset of figure 3a and 3b for QD1 and 2 respectively. The linear behavior observed fully confirms our level driving picture and allows us to determine g 1 = 97MHz ± 22MHz and
. We emphasize again that we obtain them by reexpressing the driving amplitude for each dot using λ 1(2) V AC = g 1(2) √n . The uncertainty in the determination of g 1(2) is mainly related to the systematic errors made in the determination of the exact power at the input of our cavity.
Gate tunable electron-photon coupling. We now investigate with greater detail the coupling mechanism between the photons and the electrons on the carbon nanotubes.
This section will allow us first to demonstrate interesting "toggles" for the electric control of the electron-photon coupling strength. Importantly, it will allow us to rule out all the spurious DC electrostatic effects which could hinder the study of the photon mediated distant interaction between the dots. We focus on QD1 for which electronic interactions can be neglected. The AC response of QD1 can be conveniently predicted with a self-consistent theory of AC transport similar to that of reference 25 (see Methods). We measure g 1 for various gate voltages V g1 using the previously described method. The result is presented in figure 4 b in inset by the filled dots. The value of g 1 displays modulations as V g1 is swept.
Strikingly, the change in g 1 is proportional to the linear conductance G 1 of QD1 as shown in figure 4b main panel. The value of g 1 increases by almost 100MHz when the conductance G 1 is increased from 0.3×2e 2 /h to 1.1×2e 2 /h. Such an increase is accounted for by the increase of the quantum capacitance of QD1, which is directly proportional to the conductance G 1 (see Methods). As shown in figure 4b , the sign of the slope of g 1 vs G 1 allows to discriminate between direct coupling between the cavity photons to the dot's energy level and indirect coupling to the dot's energy level via the source-drain electrodes. As expected from the efficient screening of the source-drain electrodes, the coupling mechanism is mainly via the Distant coupling between the dots. We now probe the coupling between the states of QD1 and those of QD2, which is the central result of this article. We first use QD2 as a detector and measure the evolution of its energy levels via transport spectroscopy as its own gate and the distant gate of QD1 are swept. We present in figure 5a the differential conductance of QD2 as a function of V g1 and V g2 for one specific region. Strikingly, the gate of QD1 acts on QD2 even though the direct capacitive coupling is vanishingly small-the wide central conductor has a capacitance to the ground which is of about 0.7pF, more than 5 orders of magnitude bigger than the gate capacitances of about 1aF. Furthermore, as discussed above, the two dots, separated by the central conductor of the cavity, are only AC coupled to the cavity, via the source-drain leads. This strongly points to a distant interaction between the two dots without any direct electrostatic or tunnel coupling. In particular, it
is not an electrostatic interaction mediated by a floating gate 28 .
Both quantum dots are coupled to the fundamental mode of the cavity. They can a priori be coupled via the virtual exchange of photons in a similar fashion as in atomic physics 1,3,27 . The equivalent interaction mechanism, found in condensed matter whenever electronic states are coupled to bosonic modes, leads to a polaronic shift of each of the levels of QD1(2) : ∆ can become large, comparable to the energy scales relevant for QD2. This shift therefore survives at our moderately low temperatures even though the essence of this interaction is mainly quantum mechanical. One finds for example ∆ can still evolve thanks to the gate tunability of the g s as V g1(2) are varied. We now use g 1(2) ≈ g 0 1(2) − α 1(2) V g1(2) with the range of α 1(2) extracted from figure 4. Note that the hierarchy of energy scales here is the same as for phonons in solids which are usually much slower than the electrons, the electrons being delocalized over many sites. Physically, electrons on QD1 and QD2 shift the electric field corresponding to the cavity photons. The modification of the circuit energy by this effect is twofold. First, since QD2 is coupled to the cavity, the electrons of QD2 directly feel the photonic electric field deformation induced by the electrons of QD1. Second, since the energy of the cavity involves quadratically the photonic electric field, the shift of this electric field by electrons of both QD1 and QD2 produces crossed terms between QD1 and QD2. These two phenomena lead to a global effective interaction between the two dots' electronic states.
In addition to the shift, the coupling of electrons to photons can lead to a splitting of the energy levels in each dot, proportional to the coupling constant of each dot to the photons. This can arise for instance due to photon induced K-K' mixing as predicted recently 26 . The general form of the energy levels of QD2 is therefore are the three fitting parameters used to produce the main slope in figure 5b (see methods) .
The origin of the crossings is sketched schematically in figure 5c.
The distant coupling can be used to control in a non-local manner the electron-photon coupling strength, since it shifts the energy levels of each dot. We illustrate this fact by studying the evolution of g 2 as a function of G 1 , as shown in figure 4e . The open circles are obtained for zero V sd and different gate voltages whereas all the other points are obtained by varying the source-drain bias at constant gate voltage. The systematic variation (roughly linear) of g 2 as a function of G 1 in the two different conditions depicted above shows that it is G 1 and therefore the quantum capacitance of dot 1 which matters for the shift of the energy levels rather than the gate voltage V g1 itself. As a consequence, it further supports our distant coupling mechanism. As shown in figure 5a, we can follow the evolution of the energy levels of QD2 in the (V g2 -V g1 ) plane. We present in figure 4c and d the bias spectroscopy of QD2 along one of the tilted lines of figure 5a for two different sets of (V g2 -V g1 ). The size of the Coulomb diamonds is different for each of the sets of (V g2 -V g1 ) which are conveniently expressed in terms of G 1 for similar reasons as above for the study of the local control of g 1 .
Measuring g 2 along this line gives the open symbols of figure 4e. For each of these points, we extract the capacitive lever-arm for the dot from the slope of the Coulomb diamonds. This allows us to predict the dependence of g 2 , according to the coupling mechanism described in the Methods section. The resulting theoretical curve is the black solid line which accounts very well for our measurements of g 2 .
Discussion. Since both quantum dots are coupled to the microwave field, one can perform a joint read-out of their state by measuring the phase of the transmitted microwave signal through the cavity. Such a measurement is presented in figure 5d . The levels of QD1 and QD2 are clearly observed as tilted narrow and almost vertical shallow stripes respectively in the colorscale plot of the phase at 5.75GHz as a function of V g1 and V g2 . As expected, the levels of QD1 are wider than those of QD2. Their dependance on the distant gate (of QD2 now) is weaker than for QD2. We explain this fact by the smaller number of electrons N 2 in the closed quantum dot QD2. Note that the levels of QD1 and QD2 cross which means that they are not coherently coupled by the photons as expected because the "gamma's" are too large. The origin of the observed interaction relies however on the exchange of virtual photons like for the mechanism leading to two quantum bit operations for Rydberg atoms or superconducting quantum bits 1,3,22 . Since the g 1 , g 2 electron-photon couplings are the same as for the transmon-type quantum bits, we can therefore envision to perform SWAP operations as fast as for superconducting quantum bits. This will require converting the coupling to the charge to a coupling to the the spin 6,7 and using more isolated quantum dots.
METHODS Experimental
Two single quantum dot circuits are fabricated using two different and well separated single Modelling of the evolution of the conductance peaks.
One can model the influence of the level structure depicted in the main text on transport in a Coulomb blockaded quantum dot as QD2. We present in figure 5b the result of such a modeling using a simplified equation of motion theory for the Green's functions and the Meir-Wingreen formula for the linear conductance 31 . The colorscale plot of figure 5b has been obtained using using N 1 = 10 6 and α 1(2) ≈ 25MHz/V in the {V g1 , V g2 } region considered
here. In particular, the alternation between level crossings and splittings as gate 2 is swept towards negative values is reproduced. This phenomenon can be explained qualitatively by the picture of figure 5c. In a quantum dot in the Coulomb blockade regime, a splitting of energy levels in the intrinsic spectrum leads to a separation between conductance peaks corresponding to the same orbital and to crossing of conductance peaks corresponding to different orbital levels.
Electron-photon coupling mechanism
The electrostatics of the dots allows us to determine the level energy at the mean-field level 25 : 
The electron-photon coupling then is obtained by the derivative of the dot energy level with respect to the fluctuating potential of the resonator :
The charge susceptibility
of the dot is the opposite of the quantum capacitance C Q of the dot in the non-interacting limit (
and is proportional to the linear conductance G of the dot 25 . If the dot is directly coupled to the cavity, the above expression shows a negative slope as a function of G whereas if the dot is indirectly coupled via the leads, the above expression shows a positive slope which arises from the sum rule α L + α R < 1. This allows us to plot the blue line of figure 4b and to conclude that our dots are coupled to the cavity photons via the dot's source-drain leads.
Distant coupling and Lang-Firsov transformation
We reproduce here the Lang-Firsov transformation which allows us to derive the interaction between the distant dots. We first consider the Anderson-Holstein hamiltonian of the main text : We follow ref 29 and use the unitary transformation for an operator A :
with
Using the identity :
we get :
The second term contains two quadratic terms and one bilinear term in the number of electrons occupying each dot. While the first can be absorbed in the interaction term of hamiltonian of each dot, the bilinear term can be factorized in each orbital part of the hamiltonian, leading to the expression used in the main text for the polaronic shift. This leads to the distant coupling of the main text. Note that, contrarily to transport where only the states close to Fermi energy matter, it is the total charge which is coupled to the electromagnetic field (the sum goes over all occupied states). This can lead to a very large shift of the levels of each dot provided the distant dot has a high enough charge density. In addition, contrarily to its atomic physics counterpart, the above expression is non-perturbative and is exact when the dot-lead coupling is zero.
Using the above equation, we get :
This can be further simplified in the continuum limit as :
where
, the implicit equation for {V g2 , V g1 } reads :
This is the most important part of the equation of the main text and controls the dispersion of the energy levels of dot 2. Since g 1 (V g1 ) is an integral over all the occupied energy levels, its variations are smooth and roughly linear over a large gate voltage scale.
The variations of g 2 (V g2 ) can be more pronounced and can lead in general to a non-linear dispersion of the energy levels in the {V g2 , V g1 } plane, as observed in the joint read-out of figure 5d.
Using the values given in the maintext, we are able to reproduce the observed general slope of the energy levels of QD2 in the {V g2 , V g1 } plane. Note that the above analysis, carried out for a single mode of the electromagnetic field, can be straightforwardly extended to the multi-mode case. Since the coupling mechanism demonstrated here is non-resonant, essentially all the modes within the line-width of the energy levels can contribute 30 . This can reduce the number of electrons needed to explain our data by a factor of 100-300. Simulations of the splitting based on the scheme depicted in (d) and applied to the spectroscopy of (a) with λ = 15.5, respectively for P in =-45dBm (e) and P in =-35dBm (f ). 
